A fundamental understanding of cell-nanomaterial interaction is essential for biomedical diagnostics, therapeutics, and nanotoxicity. Here, we perform a theoretical analysis to investigate the phase diagram and morphological evolution of an elastic rod-shaped nanoparticle wrapped by a lipid membrane in two dimensions. We show that there exist five possible wrapping phases based on the stability of full wrapping, partial wrapping, and no wrapping states. The wrapping phases depend on the shape and size of the particle, adhesion energy, membrane tension, and bending rigidity ratio between the particle and membrane. While symmetric morphologies are observed in the early and late stages of wrapping, in between a soft rod-shaped nanoparticle undergoes a dramatic symmetry breaking morphological change while stiff and rigid nanoparticles experience a sharp reorientation. These results are of interest to the study of a range of phenomena including viral budding, exocytosis, as well as endocytosis or phagocytosis of elastic particles into cells.
I. INTRODUCTION
Understanding the cellular uptake of nanoparticles is essential to a wide range of applications concerning biomedical diagnosis, therapy, and drug delivery. During the past decade, substantial research progress has been achieved on the effect of size [1] [2] [3] , shape [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and surface structure [17] [18] [19] of nanoparticles on their cellular uptake. In addition, there has also been increasing interest in cell interaction with elastic nanoparticles. For example, it has been shown that phagocytosis of soft microparticles can be hindered by particle deformation [20] . Recent theoretical study indicates that soft nanoparticles require stronger adhesion energy to be completely engulfed than stiff nanoparticles [21] , which may have important biological implications on the cell entry mechanism of HIV. Nanoparticles decorated with stiffer ligands are more easily engulfed than those coated with softer ligands [18] . Moreover, elasticity can strongly influence the flow behavior of cells. For example, sickle red blood cells of different morphologies and membrane rigidities exhibit different flow efficiency in shear flow [22] [23] [24] .
Most existing theoretical work on the interaction between nanoparticles and cells has focused on symmetric or axisymmetric geometries [21, [25] [26] [27] [28] . Although some theoretical studies have accounted for asymmetric deformation of a membrane as it wraps around a single rigid rod-shaped nanoparticle or multiple spherical nanoparticles [8] [9] [10] [11] [29] [30] [31] , so far no theoretical investigations have been performed for cell membrane wrapping around rod-shaped elastic nanoparticles where both the nanoparticle and membrane can undergo asymmetric deformation.
Here we perform a theoretical study on the adhesive wrapping of an elastic rod-shaped nanoparticle by a lipid membrane with asymmetric deformation. We investigate how the wrapping degree and morphologies of the nanoparticle and membrane depend on the nanoparticle size and shape, adhesion energy, membrane tension, and bending rigidity ratio between * huajian_gao@brown.edu the particle and membrane. We determine the wrapping phase diagram for cellular uptake of a class of two-dimensional (2D) elastic nanoparticles that can be modeled as vesicles, probing the transitions between full wrapping, partial wrapping, and no wrapping states, as well as the particle orientation phase diagram for the interaction of a short and stiff rod-shaped nanoparticle with membrane. Although our analysis is limited to two dimensions, some results are generic and can be safely extrapolated to three-dimensional cases. We also discuss possible implications of our results on relevant biological processes such as viral budding and endocytosis.
II. MODEL AND METHODS
While we note that an elastic nanoparticle can be modeled in a number of alternative ways, here we limit our attention to a class of elastic nanoparticles that can be modeled as a 2D vesicle with constant contour length L t and fixed area A. For such a 2D elastic nanoparticle wrapped by an initially flat cell membrane with elastic deformation in both the particle and membrane, as shown in Fig. 1(a) , the total energy of the system per unit length in the out-of-plane direction can be described by the Canham-Helfrich functional as [21, 25, 28, [32] [33] [34] [35] 
where P is a Lagrange multiplier enforcing the enclosed area A of the nanoparticle; γ is the specific adhesion energy, and l 3 is the length of the contact region; σ is the membrane tension, which is conjugated to the excess length l = i=2,3 (1 − cos ψ i )ds i induced by wrapping; ψ i , s i , and κ i (i = 1,2,3) are the tangent angles, arclength, and bending stiffness of the three regions, respectively [see Fig. 1(a) ]. The superposed dot in the first term in Eq. (1) denotes derivative with respect to the arclength s, and subscripts 1, 2, and 3 are used to identify quantities associated with the inner free, outer free, and wrapped regions, respectively. Since nanoparticle would only result in an extra constant energy term in E tot in Eq. (1) [34, 35] and therefore needs not be explicitly considered. While recognizing important exceptions such as the possible formation of clathrin or caveolin coats during the wrapping process, for simplicity we assume κ 3 = κ 1 + κ 2 throughout the analysis. All lengths are scaled by the effective radius of the particle, a = L t /(2π ), and the area of the nanoparticle is reduced as v = A/(πa 2 ) 1. As v gradually increases, the shape of such a free-standing particle evolves from a concave dumbbell to a short rod and eventually to a circle at v = 1. Hereinafter both the concave dumbbell and short rod shapes are referred to as rodlike shapes. Other dimensionless parameters arē
Since the bending energy of a planar elastica has the same form as the first term in Eq. (1), our analysis also applies to the wrapping of a two-dimensional inextensible elastic thin shell capsule by a lipid membrane. An isolated particle with a prescribed reduced area v < 1 has a rodlike shape. Such a particle with area constraint would exhibit asymmetric deformation during the wrapping process. Here we employ a numerical optimization technique to determine the minimum energy state at each given wrapping degree f = l 3 /L t defined as the ratio between the length of the contact region and the circumference of the nanoparticle. With geometric relationsṙ = cos ψ andż = sin ψ, the elastic deformation energy E el = E tot + γ l 3 in the region i (i = 1,2,3) at a given wrapping degree f can be represented as a function of the unknown tangent angle ψ i (s i ) which is approximated by a Fourier series as [26, 27, 36] 
Here N is the number of Fourier modes, which is chosen as N = 80 in our calculations; a (i) j are the Fourier amplitudes, s i is the arclength, and l i is the length of the considered region i (i = 1,2,3); and ψ (i) 0 and ψ (i) l are the tangent angles at s i = 0,l i , respectively. For a given wrapping degree f , it can be easily seen that l 1 = 2(1 − f )π and l 3 = 2f π. To approximate the condition s 2 → ∞, the length l 2 of the outer membrane region can be treated as either a certain large number or an unknown parameter determined by a prescribed length of the membrane projection. Our calculations indicate that the choice of these conditions will not affect the final results. For the latter, we set the length of the outer free membrane projection on each side to be 20a.
The boundary and constraint conditions provide either input parameters or equality constraints during energy minimization. At s 2 → ∞, the outer free membrane becomes asymptotically flat which requires ψ (2) l = 0. Since we adopt the coordinate with origin at the left contact edge, the continuity of the coordinate (r,z) for the three regions at the origin is satisfied automatically. The continuity of the coordinate (r,z) at the right contact edge, the continuity of the tangent angles ψ at both left and right contact edges, and the prescribed reduced area v are enforced as equality constraints. The elastic energy as a function of ψ i (s i ) under these constraints at a given f is minimized with respect to the Fourier amplitudes a j , tangent angles ψ 0 and ψ l at both contact edges, and l 2 for both outer free regions using sequential quadratic programming [37] . Once the tangent angles ψ given by Eq. (2) are known, the elastic energy and corresponding shapes (of the particle and membrane) can be determined.
III. RESULTS
Figures 2(a)-2(c) show the elastic energy change E el = E el − E 0 el as a function of the wrapping degree f , where E 0 el is the reference energy before the nanoparticle contacts the membrane. The open triangle on each curve corresponds to full wrapping. The bold (red) solid segments on some curves in Figs. 2(a) and 2(b) indicate the occurrence of asymmetric deformation as the wrapping degree f reaches a critical value f c slightly larger than 0.5. At f < f c , a soft particle (e.g., κ 1 /κ 2 = 0.1) would contact with the membrane with its flattened side, while a relatively stiff (e.g., κ 1 /κ 2 = 1) or rigid (κ 1 /κ 2 → ∞) rodlike particle would align its long axis parallel to the membrane [see Figs. 2(d) and 2(e)]. As the wrapping proceeds, the particle and membrane undergo a transition from a symmetric configuration at f < f c to an asymmetric one, followed by another symmetric configuration in the late stage. Compared to the initial symmetric morphology of particles with long axis parallel to the membrane at f < f c , a soft particle would undergo a dramatic symmetry breaking transition while a stiff particle would reorient itself sharply so that its long axes are realigned perpendicular to the membrane in the second symmetric morphology associated with asymmetric morphology results from a significant decrease in the total elastic energy due to symmetry breaking. It is found that f c − 0.5 is inversely proportional to the rigidity ratio κ 1 /κ 2 . In general, smaller bending rigidity ratio κ 1 /κ 2 , which gives rise to a more flattened particle with smaller excess length l and smaller membrane tension energy σ l, and larger membrane tension lead to larger asymmetric regions [see Figs. 2(a) and 2(b), Fig. S1 (a) [38] , and Figs. S1(b) and S1(c) [38] [38] , which can be attributed to the fact that there is no longer an energy drop from symmetric to asymmetric morphologies for very soft particles. It is also observed that the value of f at full wrapping increases as the rigidity ratio κ 1 /κ 2 decreases and membrane tensionσ increases [38] . Note that in our previous study [21] only the symmetric configuration was observed since the enclosed area was not prescribed during the wrapping process [Figs. 2(c) and 2(f)].
A free-standing 2D elastic nanoparticle with a small reduced area (e.g., v = 0.6) exhibits a concave shape as shown in Fig. 2 (d) for κ 1 /κ 2 → ∞. Such a concave shape would lead to a narrow gap between the adhered particle and membrane at initial contact (Fig. 3) . The size of the gap decreases as the wrapping degree f increases and a full contact is achieved when f exceeds about 0.1. The existence of a narrow gap was also observed between a round particle adhering to an oblate vesicle [39] . Here the adhesive interaction between the nanoparticle and membrane is characterized by a contact potential with vanishing interaction range as given in Eq. (1) . Based on a recent study showing that the size of the interaction range plays an important role in the wrapping process [40] , the gap size is expected to depend on the interaction range. The total energy difference E = E tot − E 0 el corresponds to the sum of the elastic energy difference E el and adhesion energy −f γ L t . Figure 4 shows E(f ) as a function of the wrapping degree f for differentγ in the case v = 0.95, κ 1 /κ 2 = 0.1, andσ = 0.1. The behavior of E(f ) indicates that there exist five possible phases whenσ is very small (Fig. 4) . For relatively small adhesion energyγ , E increases monotonically with f and no wrapping is possible. Asγ increases, the stable state changes from no wrapping to partial wrapping. Further rise inγ results in a global minimum at a state of partial wrapping and an energy barrier to reach the (metastable) state of full wrapping. Withγ continuously rising, the stable state of partial wrapping becomes metastable while full wrapping becomes stable. In the regimes of two coexisting states of partial and full wrapping, the one with lower energy is underlined (Fig. 4) . Ifγ is large enough, the energy barrier to full wrapping vanishes and full wrapping becomes the only stable state. For each phase, there exists a stable (global energy minimum) state and possibly a metastable (local energy minimum) state. Whenσ is sufficiently large, there are no longer coexisting states of partial and full wrapping, and the stable state simply changes from no wrapping to partial wrapping then to full wrapping asγ increases. Note that the solutions at solid circles are unphysical in cases when full wrapping (marked by the open squares) arises before f reaches the position marked by the solid circles. In these cases, full wrapping occurs as the membrane comes in contact above the nanoparticle and is not necessarily the state of zero slope along the energy profile.
With the knowledge of energy functions at different values of κ 1 /κ 2 , v,σ , andγ , the phase diagrams of wrapping are determined and shown in Figs. 5 and S3 [38] . Note that the solution at f = 1 is usually unphysical because in that case the two opposing parts of the membrane will have met and crossed each other above the nanoparticle. Therefore, the state of full wrapping needs to be carefully defined [ Fig. 1(b) ]. At the late stage of wrapping, both particle and membrane display symmetric morphologies, and the shape equation for the outer free part of the membrane associated with a given wrapping angle ψ (2) 0 has the analytical solution
, where s 2 is the rescaled arclength of the outer free part [41] . With the relationṡ r = cos ψ andż = sin ψ, the r(s 2 ) and z(s 2 ) coordinates can be determined as [21] r(s 2 
where r 0 and z 0 are the coordinates of the contact edge and ψ (2) 0 is the tangent angle at r = r 0 . For a given set of values for r 0 , ψ (2) 0 , andσ , the minimum of r(s 2 ) for the right outer free membrane and the maximum of r(s 2 ) for the left outer free membrane can be determined. The full wrapping condition is then found from the condition that these extreme values are equal, corresponding to the situation when the two opposing parts of the membrane come into contact, as shown in Fig. 5 . The critical condition for a rigid circular particle to be fully wrapped by a membrane is then [42] 
with the contact angle ψ
It may be interesting to compare the wrapping phase diagram for particles without area constraints calculated in our previous study [21] with those under reduced area constraints [Figs. 5(a)-5(c)]. First, for a membrane wrapping around a rigid circular particle, the total energy evolves as
The condition ∂ E/∂f | f =0 = 0 gives the minimum adhesion energy necessary for partial wrapping asγ min = 1 [42] . For such a particle, ∂ 2 E/∂f 2 = 0 gives f = 1, which means that the only inflection point of the energy profile is at f = 1, and that there is no energy barrier for E for anyγ as f varies and therefore no coexistence of partial and full wrapping states in membrane wrapping of a rigid circular particle regardless of the value of membrane tensionσ . For The case investigated in our previous study [21] with no area constraint is provided here for comparison with cases (a)-(c). Dashed lines indicate boundaries between no wrapping and partial wrapping states. Solid lines indicate boundaries between partial and full wrapping states. In cases (a) and (b), the adhesion energy for partial wrapping is so small that the dashed lines almost overlap with theσ axis. elastic particles without area constraints,γ min decreases as κ 1 /κ 2 decreases, as the easily flattened softer particles lead to smaller elastic energy; however,γ needs to increase to attain full wrapping. Whenσ 0.5, there are small differences between the transition lines from the state of partial wrapping to full wrapping for different κ 1 /κ 2 . Asσ increases further, the differences become large and strikingly sensitive to κ 1 /κ 2 [see Fig. 5(d) ]. This phenomenon can also be understood by comparing the maximum slopes of the elastic energy profiles at different κ 1 /κ 2 (Figs. 2 and S1 ), since the condition for full wrapping to be the only stable state requires E(f ) to be a monotonically decreasing function orγ larger than the maximum slope of the elastic energy profile before f reaches the critical value for full wrapping indicated by the open symbols in Figs. 2 and S1 . A similar effect of elasticity on the wrapping states is also observed for particles with constrained areas, as shown in Figs. 5(a) Fig. 5(b) , particles with bending rigidity κ 1 = κ 2 require smallerγ than stiffer ones to attain full wrapping and particles with κ 1 = 0.1κ 2 require even smallerγ than those with κ 1 = κ 2 . This phenomenon is reflected in the elastic energy profile atσ = 0.5 in Fig. S1(b) where stiffer particles exhibit larger maxima of energy slopes [38] , indicating that higherγ would be required for full wrapping. As the reduced area v increases, the phase diagram becomes more complex. In the case of v = 0.95, particles with κ 1 = 0.1κ 2 require smallerγ than all the stiffer ones to attain full wrapping for the calculated range ofσ 3; whenσ 1.5, there are very small differences between the transition lines from the state of partial wrapping to full wrapping for κ 1 /κ 2 = 1, 5, and ∞. The difference becomes larger asσ increases. The kinks on the phase boundaries in regions of relatively smallσ indicate coexistence of partial and full wrapping states whose detailed phase diagrams are shown in Fig. S3 [38] . For particles with a prescribed reduced area v, the coexistence region exists only under sufficiently smallσ , with size increasing as the rigidity ratio κ 1 /κ 2 increases [see Figs. S3(a)-S3(c) ]. In contrast, for particles without area constraints, the coexistence region exists also under sufficiently smallσ , but its size decreases as the rigidity ratio κ 1 /κ 2 increases, as shown in Fig. S3(d) [38] . A comparison of Figs. 5(a)-5(d) shows that the wrapping phase diagrams strongly depend on the value of the reduced area v, especially when v is close to 1. This is presented in Fig. S4 with further details [38] .
Rigid particles with different reduced areas v exhibit different shapes. The shape effects of rigid 2D particles on cellular uptake can be extracted from Fig. 5 for different values of the constrained area v. When this is done, the results are compared together in Fig. 6 . Theγ required for full wrapping decreases as v increases. In other words, thinner and longer 2D rigid particles with larger aspect ratios require larger adhesion energyγ than thicker and shorter ones with smaller aspect ratios to attain full wrapping or, simply, slender particles are more resistant to full wrapping. This behavior is a direct consequence of the energy profile in Fig. 2 where the black dotted curve corresponding to smaller v is seen to have larger slope. Particles with different v (shapes) in Fig. 6 have the same circumference L t but different areas A. For particles with the same area A but different circumferences L t (Fig. S5) , the effective radius is redefined as a = √ A/π instead of a = L t /(2π ). It can be shown that the corresponding phase diagram can be obtained from [38] . A comparison of Figs. 6 and S5 indicates that the shape effect is less striking for particles with the same area than with the same circumference. This property should also be valid for soft particles since the linear scaling mapping only depends on v rather than κ 1 /κ 2 .
Another interesting phenomenon is the sudden orientational change of rigid or relatively stiff and short rod-shaped nanoparticles around the wrapping degree of f = 0.5, as indicated in Fig. 2 . In the early stage of wrapping, the rod-shaped nanoparticles align their long axes parallel to the membrane and remain in that configuration until the critical point of reorientation is reached, at which the nanoparticles suddenly realign their long axes perpendicular to the membrane and remain in this configuration during the late stage of wrapping. Since the slopes of the elastic energy profile E el have similar values at reorientation and at full wrapping, the orientation phase diagram describing transition boundaries between different nanoparticle orientations (Fig. 7) is similar to the wrapping phase diagram describing different wrapping states (Fig. 6) . As v decreases,γ needs to increase in order to maintain the perpendicular configuration. In Fig. 7 we have excluded the cases with coexisting parallel and perpendicular configurations, and only consider situations in which the total energy difference E(f ) = E el (f ) − γf L t is a monotonically decreasing function when the nanoparticles adopt the perpendicular configuration relative to the membrane. The orientation phase diagram for the situation that particles have the same area A but different circumferences L t can also be simply obtained from Fig. 7 through the same linear scaling Figure 2 shows that very soft particles (κ 1 /κ 2 = 0.1) with a relatively small reduced area (v = 0.6 and 0.8) exhibit a dramatic morphological change from a symmetric parachutelike shape to an asymmetric slipperlike shape in the midstage of membrane wrapping as the reduced area v decreases. An interesting phenomenon is that red blood cells moving in a shear flow adopt similar complex morphologies [22, 43] . Numerical studies show that a moving vesicle with the bending rigidity of a healthy red blood cell exhibits a symmetric parachutelike shape at the condition of a large reduced area v or a large flow velocity. Once v is below a critical value around 0.7, the symmetric parachutelike shape develops instability and the cell transforms into an asymmetric slipperlike shape no matter how large the flow velocity is [22] . Further numerical analysis shows that membrane bending rigidity also has a dramatic effect on the morphological change of red blood cells with a low reduced area (e.g., v = 0.6). Lower stiffness leads to an asymmetric slipperlike shape and larger stiffness results in a pearlike shape with slight asymmetry [22] . These observations are mysteriously similar to those found in the present wrapping problem [see the third row from the top in Fig. 2(d) ]. Such v-and rigidity-dependent features shared by these two physically different phenomena are suggesting that there may be deep connections between the deformation shape, area constraint, bending stiffness, and types of loading on the behaviors of elastic particles.
IV. DISCUSSION
Although the present study is restricted to two dimensions, some conclusions are generic and can be safely extrapolated to three dimensions. For example, 2D short rigid anisotropic nanoparticles or elastic nanoparticles with a prescribed reduced area undergo a dramatic morphological change induced by the membrane wrapping, and there exists an asymmetric shape transition in the midstage of wrapping. This phenomenon is mainly due to the high bending energy cost at the highly curved regions of rod-shaped nanoparticles and should be generic for both 2D and three-dimensional (3D) cases. Theoretical results [8] [9] [10] and molecular dynamics simulations [13] [14] [15] have shown that 3D rigid ellipsoidal, rod-shaped, and even hemisphere-shaped particles experience an orientational change in the midstage of wrapping. Another consequence of this high energy cost associated with bending around highly curved tips is that longer and thinner rigid rods with tips of higher curvature require larger adhesive energy than broader, shorter, and rounder ones with the same circumference but different enclosed areas or the same enclosed area but different circumferences to attain full wrapping (see Figs. 6 and S5 ). Similar phenomena have been found in numerical simulations and experiments for 3D rodlike nanoparticles under the constraint of the same area but different volume [10] or the same volume but different area [5, 10] . Asymmetric morphology could appear when a 3D elastic nanoparticle with a prescribed reduced volume (defined as the ratio of the enclosed volume over the volume of a sphere having the same surface area) and anisotropic shape is wrapped by a cell membrane. Similar to the 2D case shown in Fig. 2(f) , only the axisymmetric configuration was considered for 3D soft particles in Ref. [21] .
The orientational change of short rod-shaped nanoparticles indicates that, no matter what the initial position or orientation such a particle take, a complete membrane wrapping or nanoparticle budding always ends up with a configuration with the rod-shaped nanoparticle aligning its long axis perpendicular to the cell membrane. Such reorientation of short nanoparticles seems ubiquitous in the budding and endocytosis of virus [44] [45] [46] , and the orientation combined with membrane deformation provides information on the stage of budding process and endocytosis. For example, short rodshaped fowlpox and pigeonpox viruses align their long axes parallel to the membrane of infected chick embryo fibroblasts in the initial stage and midstage of budding but eventually bud out of the cells with their long axes perpendicular to the membrane [44] . Similar phenomena are observed during the cell entry of vesicular stomatitis viruses by endocytosis [45] . Recent numerical simulations have shown that two adsorbed nanoparticles form a short linear cluster on the membrane surface of a vesicle at a large reduced volume but induce a short membrane tube on a vesicle at a small reduced volume [31] . This is consistent with our result in Fig. 7 in view of the fact that the conjugated membrane tension is greater at a larger reduced volume, though the cooperative wrapping of particles strongly depends on the range of interaction potential between particles and membrane [40] . Based on similar geometries and induced wrapping configurations, the particle-chain-induced short linear aggregation of nanoparticles adhering on the surface and short membrane tubulation can be considered as examples analogous to the parallel configuration at large membrane tensions in the early stage of wrapping and perpendicular configuration at small membrane tensions in the late stage of wrapping, respectively.
As Figs. 6 and S5 indicate, 2D rigid rod-shaped nanoparticles or particles with relatively small reduced areas (e.g., v = 0.6) require larger adhesive energyγ to attain full wrapping than round particles or particles with larger reduced areas. This shape-dependent uptake of short nanoparticles has important implications on the design of efficient endocytosis and drug or gene delivery systems. It has been observed experimentally that ellipsoidal nanoparticles have a lower cellular uptake rate [3] [4] [5] [6] . For example, the rate of cellular uptake of round particles is greater than that of rod-shaped particles with aspect ratio of 1:3, which in turn is greater than that of nanoparticles with even higher aspect ratio of 1:5 [3] . This is consistent with our theoretical results in Figs. 5, 6 , and S5. Taking advantage of the shape effects on cellular uptake, nanoparticles can be designed to be cylindrical or elliptical to extend their circulation time in blood [6, 47] , or their labeling and tracking time as biomarkers on cell membranes [9] . Elastic rod-shaped nanoparticles can further amplify the shape effect (see Fig. 5 ). Through precise control of the reduced area of 2D elastic nanoparticles or the reduced volume of 3D elastic nanoparticles, the shape of these soft particles can be adjusted. Such elastic nanoparticles with tunable shapes may be used to design smart drug delivery systems. For example, researchers can design elongated drug nanoparticles (by controlling their enclosed volume in three dimensions) when the nanoparticles are in the circulation system and expand the particle to a rounder shape (by increasing the enclosed volume) to facilitate membrane wrapping as the particles reach their target cells. Fig. 6 , such a nanoparticle with an initial reduced area v = 0.6 has a partial wrapping state and remains circulating before it reaches the target cell. As the nanoparticle reaches its target cell, an inflation of its reduced area to a value larger than 0.8 can be imposed to promote full wrapping followed by cell engulfment. This simple idea may be clinically useful as the remotely controlled drug delivery technology is under rapid development [49] . Elastic nanoparticles with or without area constraints can also be used to model or mimic many different types of nanoparticles such as hydrogel nanoparticles with high water content and pleomorphic viral particles appearing in different shapes in different situations.
A related but different phenomenon is the cell uptake of long one-dimensional (1D) nanomaterials via receptor-mediated endocytosis in which a near-perpendicular entry mode is preferred at a small normalized membrane tensionσ but a nearparallel interaction mode prevails at sufficiently largeσ [11] . In that case, endocytosis can usually be considered as a process limited by the diffusion of receptors in the cell membrane to the contact region [1, 7] . Our previous study indicates that membrane wrapping regulated by two-dimensional diffusion of receptors is much faster than that regulated by one-dimensional receptor diffusion [1, 11] . For 1D nanomaterials, the membrane wrapping of their curved tips should be governed by twodimensional diffusion of receptors, while the wrapping of their cylindrical walls is regulated by one-dimensional diffusion of receptors. This means that the tip, rather than the lateral wall, of a 1D nanomaterial should be wrapped first. As long as the specific receptor-ligand interaction energy can overcome the deformation energy penalty induced by the tip wrapping, the subsequent interaction is governed by the two interaction modes controlled only byσ ≡ 2σ a 2 /κ 2 with a being the radius of cylindrical nanomaterials [11] . For three-dimensional short nanorods with two curved tips and a much smaller lateral wall, the difference between receptor diffusion near the tip and wall regions is not evident, whereas for short nanorods wrapped by membrane in two dimensions, as we focus in this study, the receptor diffusion is one-dimensional and has no difference between the tip and wall regions. In both cases, the specific receptor-ligand attractive interaction between short nanorods and cell membrane during the dynamic endocytosis can be approximated by adhesive interaction without the consideration of receptor diffusion as we did in the current study. Therefore, the initial wrapping of short nanorods would start at the relatively flat region of nanorods which appears to be a parallel configuration of the short nanorods with respect to the membrane. Such nanorods then reorient themselves perpendicular to the membrane during the late stage of wrapping regardless of the value of membrane tension as long as the adhesion energy is large enough. The orientational change from a parallel configuration to a perpendicular one relative to the membrane is characteristic of the mode of interaction between short rod-shaped nanoparticles and cell membrane.
V. CONCLUSIONS
We have performed a theoretical analysis related to the cellular uptake of elastic rod-shaped nanoparticles with a prescribed reduced area in two dimensions. Using sequential quadratic programming, we have calculated the system energy, determined the corresponding morphologies of nanoparticles and the cell membrane, and obtained the associated wrapping phase diagrams describing transition boundaries between different wrapping phases as well as the nanoparticle orientation phase diagram describing transition boundaries between different nanoparticle orientations. Compared to nanoparticles without any area constraint displaying symmetric morphology during the whole wrapping process, nanoparticles with a prescribed reduced area undergo a dramatic morphological change from a symmetric configuration in the early stage of wrapping to a symmetry breaking transition in the midstage, then to a symmetric configuration again in the late stage of wrapping. For nanoparticles without area constraints, stiffer particles always attain full wrapping more easily than softer particles [21] . The geometric constraint of a fixed reduced area complicates the wrapping phase diagram. In the cases of a relatively large normalized membrane tensionσ and relatively small reduced area v, stiffer particles can attain full wrapping more easily than softer particles; in the cases of smallσ and large v, the situations become complicated and no general conclusions exist. In the limiting case of rigid and relatively stiff nanoparticles, the particle shape evolves from a circle to a rod as the reduced area v decreases. We find that larger normalized adhesion energyγ is required to attain full wrapping for slender nanoparticles corresponding to smaller reduced area v. In other words, thinner and longer two-dimensional rigid or stiff nanoparticles require larger adhesion energyγ than thicker, shorter, and rounder ones for full wrapping.
This shape-dependent cellular uptake of short nanoparticles has also been observed in experiments [3] [4] [5] [6] . Our results suggest that the particle elasticity and geometric restriction provide new design parameters to control cellular uptake and drug delivery processes. We also found that rigid and stiff rod-shaped nanoparticles align their long axes parallel to the membrane in the early stage of wrapping but suddenly reorient themselves with long axes perpendicular to the membrane and remain in this configuration in the late stage of wrapping. Such nanoparticle reorientation driven by the elastic deformation energy of the membrane is a generic mode of cell uptake of rod-shaped nanoparticles or any other relatively stiff short anisotropic nanoparticles. For soft nanoparticles, there exists a finite asymmetric morphological transition in the midstage of wrapping. The distinction in uptake between short rod-shaped nanoparticles and long one-dimensional nanomaterials is also discussed from the view of receptor-mediated endocytosis limited by diffusion of receptors.
The optimization method used here can be employed immediately in the study of interactions between multiple rigid [50] [51] [52] or soft particles in two dimensions, nanoparticle interaction with large cells [28, 39] , and elastocapillary interactions between droplets and soft structures such as lipid membranes [53] and elastic thin films [54] . This method can also serve as a foundation for future studies taking into account the deformation of a cytoskeleton network [55, 56] . Figure S1 shows the elastic energy change ∆E el = E el − E 0 el as a function of the wrapping degree f , where E el is the elastic energy of the system, and E 0 el is the ground state energy before the particle contacts the membrane. The open symbol on each curve corresponds to full wrapping. The red (bold solid) segments on some curves indicate that the particle/membrane system has an asymmetric configuration. For most cases, smaller bending rigidity ratio and larger membrane tension lead to larger asymmetric regions; while for very soft particles (κ 1 /κ 2 = 0.1) with relatively large reduced areas, larger membrane tension can also inhibit asymmetric deformation (e.g., v = 0.8 atσ = 2 [ Fig. S1(b) ] and v = 0.95 [ Fig. S1(c)] ). For the case where the enclosed area is not specified and can be adopted freely during the wrapping process, only symmetric configuration (no solid segments) is observed as indicated in Fig. S1(d) . Fig. 5(a,b,c,d ) in the main text. In (d) the coexistence of partial and full wrapping states only exists at κ1/κ2 = 0.1, 1, and 5 (from left to right). The wrapping state with energy lower than its coexisting state is underlined.
Whenσ is smaller than a certain value, we found a coexistence of the partial and full wrapping states, as indicated in Fig. 4 . The wrapping phase diagrams regarding the coexistence regions at different κ 1 /κ 2 and v are shown in Fig. S3 . For vesicles with a prescribed reduced area v, the size of the coexistence region increases as the rigidity ratio κ 1 /κ 2 increases [see Fig. S3(a-c)] ; while for vesicles without area constraints, the size of the coexistence region decreases as the rigidity ratio κ 1 /κ 2 increases as shown in Fig. S3(d) . Figure S4 shows the phase boundaries between partial and full wrapping as a function of the reduced area v and adhesion energyγ for different bending rigidity ratios at a typical value of the normalized membrane tensionσ = 2. Let us consider the cases with fixed reduced area first. For κ 1 /κ 2 = 5 and ∞, the requiredγ for full wrapping is inversely proportional to v. For κ 1 /κ 2 = 0.1 and 1,γ decreases for most of the interesting and physically important particle shapes but increases slightly after v exceeds 0.985 and 0.9995, respectively. Another interesting feature is that, at fixed v, the criticalγ for smaller κ 1 /κ 2 is not always larger than that for larger κ 1 /κ 2 , rather it depends on the value of v. In the case of no area constraints (hence no dependence on v), the criticalγ for full wrapping increases as the bending rigidity ratio decreases. Except for the case of κ 1 /κ 2 → ∞ where the criticalγ for full wrapping without area constraint is always smaller than that with area constraint, the criticalγ for full wrapping at other κ 1 /κ 2 without area constraint can be larger than that with area constraint when v exceeds a certain value. The shape effect of rigid nanoparticles on the wrapping phase diagram is shown in Fig. S5 where the particles with different shapes have the same enclosed area A but different circumferences L t . Here the effective radius of the particle is redefined as a = √ A/π instead of a = L t /(2π). As v decreases,γ need to increase to attain full wrapping, which means that thinner and longer two-dimensional rigid nanoparticles require larger adhesion energyγ than broader, shorter and rounder ones for full wrapping. This is also true for two-dimensional rigid nanoparticles with the same circumference but different enclosed areas as indicated in Fig. 6 .
